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The emittance growth in a charged particle beam which relaxes to equilibrium has previously
been approximated by comparing an initial non-equilibrium beam with one of uniform density.
The final state of uniform density is an approximation to the thermal equilibrium distribution,
which applies only for beams with low space charge tune depression (low temperature). Density
profiles of unbunched beams in thermal equilibrium with linear external focusing forces are
compared here with uniform profiles with the same current and energy, in order to find the
fractional difference in emittance and the difference in entropy.
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1 INTRODUCTION
Charged particle beams are normally injected into focusing channels with
distributions in phase space which are not in thermal equilibrium.1- 3
Any beam which is not in equilibrium has free energy, which leads to
emittance growth as space charge forces, thermal motion and interparticle
collisions cause the beam to relax towards equilibrium. Sources of free
energy include non-equilibrium density profiles, mismatch, misalignments,
non-Gaussian velocity distributions, anisotropic temperatures and resonances
with the surrounding structure. Knowledge of the emittance growth resulting
from the relaxation process is important for applications requiring high
intensity, low emittance beams such as high energy colliders, free electron
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lasers, radioactive waste transmutation, spallation neutron sources and linear
accelerators for heavy ion inertial fusion.
The emittance growth resulting from space charge forces was considered
early by Lapostolle,4 and an overview of the subject has been given by
Wangler.5 Theoretical work, computer simulations and experiments have
been done relating emittance growth to free energy due to non-uniform
density profiles, mismatch and misalignments. Rapid emittance growth has
been found in simulations to occur due to the evolution of the charge
distribution toward a uniform density in space charge dominated beams.6
The emittance growth has been found from theory and simulation for a space
charge dominated beam relaxing to a uniform charge density,7,S from the
exchange of kinetic energy between different degrees of freedom,9 from
interparticle collisions,10 and from mismatch,11,12 and misalignments. 13
Simulations have shown emittance growth from several of these sources
combined14 and from non-Gaussian velocity distributions. 15 Experiments,
combined with theory and simulation, have been done on the emittance
growth resulting from an initially non-uniform charge density16 and from
misalignments and mismatch. 17, 18
The rate at which the emittance growth occurs for an axially symmetric
beam with continuous focusing has been found theoretically19 and in
simulations,20 varying from tens of plasma periods for emittance dominated
beams to a few plasma periods for space charge dominated beams and a
quarter of a plasma period for an initially laminar beam. Equations have
been derived for the emittance growth resulting from the relaxation of
a non-uniform density profile to a uniform density equilibrium in space
charge dominated beams, as well as for the emittance growth resulting from
mismatch and misalignments, also in space charge dominated beams.21
Past theoretical work4,6-9,11,14,16-18,20,21 has compared the energy of
initially non-uniform density profiles with the energy of uniform density
beams with the same current and longitudinal kinetic energy, and either with
the same root-mean-square (rms) radius, or with the same transverse energy
per particle. In the former case it was assumed that the rms radius does not
change significantly during relaxation. The result of these comparisons was
the free energy available for emittance growth in a space charge dominated
unbunched beam, for which the equilibrium state has a density which is
nearly uniform. Since some of the emittance growth resulting from relaxation
is due to the thermalization of free energy, the final state can have a higher
temperature than the initial state and an equilibrium density profile which
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is far from uniform. The fractional difference in emittance is found here for
unbunched beams by comparing a uniform profile to a thermal equilibrium
profile with the same current and energy, and the same external focusing,
assuming that the energy and number of particles are conserved during the
relaxation process in a continuous focusing channel.
Entropy has also been suggested as a measure of the quality of a charged
particle beam,22 since changes in emittance can be reversible if the entropy
does not increase.23 The difference in entropy between the initial and final
states is also calculated, showing an increase during the process of relaxation
of a non-equilibrium density profile to a thermal equilibrium profile.
In Section 2, thermal equilibria are compared with uniform profiles with the
same current and energy, and the fractional difference in emittance is shown
as a function of the space charge tune depression. The entropy of thermal
equilibrium and of semi-Gaussian distributions is found in Section 3, and
the difference in entropy is also given as a function of the space charge tune
depression.
2 EMITTANCE OF THE THERMAL EQUILIBRIUM
DISTRIBUTION
The energy per particle is used here to compare density profiles in thermal
equilibrium with uniform density profiles, and the fractional difference in
their emittances is calculated. The physical situation is that of a cylindrically
symmetric unbunched beam, centered in a perfectly conducting pipe with an
external focusing force which is a linear function ofradius and is independent
of longitudinal position. This is an approximation to a beam with periodic
focusing; for cases in which the frequency of the external focusing forces is
high enough that there is no significant beam evolution between neighboring
lenses, the smooth approximation24 is used and the beam's state is well
approximated by a thermal distribution with time-invariant external focusing.
The equilibrium distribution in the limit of zero temperature has a uniform
density profile, and in the limit of high temperature it has a Gaussian density
profile. At low temperatures the density is nearly uniform out to the beam
edge, where it falls off in a distance of a few Debye lengths. Thermal
equilibria for a wide range of temperatures have been found numerically
for this situation by combining the Boltzmann relation with the Poisson
equation.1-3 The change in emittance has been found previously for the
same physical situation.2S ,26
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The energy of a matched beam in a conducting pipe with external focusing
consists of selfpotential energy, external focusing potential energy, transverse
thermal kinetic energy, and longitudinal kinetic energy. The last of these is
referred to as the beam energy, and in the absence of longitudinal forces it is
invariant during the relaxation process. The sum of the first three is referred
to as the transverse energy, which does not change during relaxation (the
coupling between the transverse and longitudinal space charge forces which
occurs due to changes in the beam radius and density profile is ignored here).
The pipe provides a constant term in the total transverse energy per particle;
as long as the pipe is large enough to contain nearly all of the beam, it does not
have a significant effect on the relaxation process or the resulting emittance.
The transverse energy per particle for a uniform density beam has been given
previously.21 For thermal equilibria, the self potential energy per particle is
found numerically. When the total transverse energy per particle is equal to
the total transverse energy per particle for a uniform beam, then the uniform
beam will relax to the corresponding thermal equilibrium distribution. The
fractional change in emittance for this process is shown in Figure 1 as a
function of the space charge tune depression, k/ ko. 1,3 The fractional change
in emittance is (£ EQ - £ SG ) / £ SG, where £ EQ is the emittance of the
thermal equilibrium distribution and £ SG is the emittance of the uniform
density beam (SG stands for semi-Gaussian, which is used because in the
next section the uniform density beam will be chosen to have a Gaussian
distribution in velocities in order to calculate the entropy). The fractional
change in emittance is calculated from thermal equilibrium profiles with
0.2 < k/ ko < 1.0 and the curve in Figure 1 is extended to k/ ko = 0 using a
cubic spline. For every case the change in emittance is negative, meaning that
a uniform beam which is matched and aligned in a linear focusing channel
will experience a decrease in emittance (between zero and 2.7%) as it relaxes
to a thermal equilibrium density profile.
The small fractional changes in: emittance shown in Figure 1 mean
that previous calculations,21 which have compared initially non-equilibrium
profiles, mismatched and off-centered beams, with uniform density profiles,
predict emittance changes which are accurate to within better than 2.7% of
the total emittance, even for high temperature beams. The reason for this is
that at low temperatures the thermal equilibrium profile is nearly uniform,
and as temperature is increased and the profile becomes non-uniform, the
space charge forces become less important in comparison to the external
focusing forces. The correction to the fractional emittance change due to the







FIGURE 1 The fractional difference in emittance between a thermal equilibrium beam (with
emittance £ EQ) and the corresponding uniform density beam (with emittance £ SG) vs. the space
charge tune depression k / ko.
non-uniformity of the final density profile can be found from Figure 1, if the
space charge tune depression is known.
An example was previously given21 of a mismatched beam which relaxes
to a uniform density beam that is matched in the focusing channel, resulting
in an emittance increase by a factor of 1.836 when equilibrium is reached.
The initial space charge tune depression is 0.2, and the final space charge tune
depression can be calculated to be about 0.34. The fractional difference in
emittance between the uniform beam and the thermal equilibrium beam from
Figure 1 with k / ko = 0.34 is about -0.026, so that the emittance growth due
to relaxation of the mismatched beam to equilibrium is (1.836) (1 - 0.026) ~
1.788, which is not far from the original value. This calculation is not
self-consistent, since the final space charge tune depression was found from
the original emittance change, but the correction from using the actual final
emittance is negligible. This method also holds for beams with large k/ ko, and
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the assumption of a uniform density final state only fails when the resulting
emittance growth is small enough that the error of zero to -2.7% of the total
emittance becomes significant.
3 ENTROPY OF THE THERMAL EQUILIBRIUM
DISTRIBUTION
Since changes in emittance can be reversible, emittance is not always a useful
measure of the disorder or the quality of a beam. In the previous section it was
shown that a matched, uniform density beam in a continuous linear focusing
channel will experience a slight decrease in emittance as it relaxes to a thermal
equilibrium profile, although this is an irreversible process and would not
be considered an improvement in the quality of the beam. Entropy has been
proposed as another parameter to describe charged particle beams,22,27 and it
has been suggested that emittance growth which is associated with an entropy
increase is irreversible, while emittance growth which is associated with
no entropy increase is reversible.23 The entropy of the thermal equilibrium
distribution is found here and compared with the entropy ofa uniform density
beam.
The normalized entropy, which is defined as the entropy in units of kBN,
where kB is Boltzmann's constant and N is the number of particles per unit
length (or the total number of particles for a bunched beam), is22
S = InN - ~ II pln(Ap)dxdx', (1)
where A is the area per cell in x-x' space and p is the density of points in
x-x' space. x is either one of the transverse directions for an axisymmetric
unbunched beam, and x' is the x-velocity tilt (x' == vx/vz, where Vx
is a particle's velocity in the x direction and Vz is the same particle's
velocity in the longitudinal direction). When the distributions in x and x' are
uncorrelated, as is the case when the distribution in velocities is Gaussian with
a temperature that is uniform in space, the density of particles in x-x' space
is p == N f (x) f' (x'), where f (x) and f' (x') are respectively the distribution
functions for x and x'; both are normalized by
00 00I f(x)dx = I f'(x')dx' = 1.
-00 -00
(2)
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Equation (1) can then be rewritten as
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00 00
S = -InA - f f(x) In f(x)dx - f f'(x')Inf'(x')dx'. (3)
-00 -00
For a distribution of particles with a uniform density in x-x' space (the K-V
distribution), the distribution functions are correlated and the entropy is found
from Equation (1) as S KV = In(Jr£ KV IA) where £' KV is the emittance of
the K-V distribution.22
For a Gaussian distribution in x', defined by f' (x') = (2Jrx') -1/2 exp
(-x I2 /2x '2 ), in which x' is the rms value for x', the second integral in
Equation (3) is
00f f' (x') In f' (x')dx' = -In (21fe)l/2i ') .
-00
(4)
The first integral in Equation (3) is determined by the density profile. For
a Gaussian density profile (the limit of high temperature) the distribution
function is f(x) = (2Jrx)-1/2 exp(-x212x2 ), in which x is the rms value
for x, and the first integral in Equation (3) is
00f f(x)ln f (x)dx=-In(21fe)l/2i).
-00
(5)
The resulting normalized entropy for a beam which has uncorrelated Gaussian
distributions in velocity and density is SG = In(Jr e£G12A), where £G = 4xx'
is the effective emittance (four times the rms emittance)28 of the Gaussian
beam.
A semi-Gaussian beam, with a Gaussian velocity distribution and a
uniform density in real space, has a distribution function for x of f (x) =
(1 - x 214x2 )1/2I(Jrx). The first integral in Equation (3) for this case is
00




and the normalized entropy is SSG = In(n3/ 2£ SG 121/ 2A), where £ SG is
the effective emittance of the semi-Gaussian beam, which is also defined to
be four times the rms emittance.29
The normalized entropy of a beam with a thermal equilibrium density
profile is found by solving the first integral in Equation (3) numerically.
The constant factor A can be removed from the results by comparing the
normalized entropy of each thermal equilibrium beam with the normalized
entropy of the corresponding semi-Gaussian beam (with the same current and
longitudinal kinetic energy, and the same transverse energy per particle, with
the same external focusing). The difference between these two quantities
is the change in normalized entropy in a beam which relaxes from a
uniform density in real space with a Gaussian velocity distribution to
thermal equilibrium. Figure 2 shows the normalized entropy of the thermal
equilibrium distribution (S EQ ) minus the entropy of the semi-Gaussian beam
(5 SG ) which has the same current and longitudinal kinetic energy, and the
same transverse energy per particle, with the same external focusing. As
in Figure 1, the change in entropy is calculated from thermal equilibrium
profiles with 0.2 < kl ko < 1.0 and the curve in Figure 2 is extended to
k1ko = 0 using a cubic spline. The limiting cases are low temperature, for
which the entropy change is zero, and high temperatures for which the change
in normalized entropy is 5 EQ - 5 SG = In(e£ EQ 1(2n)I/2£ SG).
4 CONCLUSION
The fractional difference in emittance between a uniform beam and a thermal
equilibrium beam was graphed vs. the space charge tune depression, and is
always between zero and -2.7%, meaning that there is a small decrease in
emittance as an initially matched, uniform density unbunched beam relaxes
to a thermal equilibrium which is matched in the same external focusing
channel. Previous theories which calculated the possible emittance growth
from relaxation of a non-equilibrium beam to a uniform density profile
are accurate to within better than 2.7% of the total emittance for a beam
which relaxes to equilibrium, even for large values of the space charge tune
depression. The normalized entropy of a thermal equilibrium beam minus
the normalized entropy of the corresponding semi-Gaussian beam was also
graphed as a function of the space charge tune depression, showing the
entropy growth which occurs in the relaxation process.
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FIGURE 2 The normalized entropy of a thermal equilibrium beam (SEQ) minus the nor-
malized entropy of the corresponding semi-Gaussian beam (S SG) vs. the space charge tune
depression k / ko.
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